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We present a solution of the following problem posed by Flandrin, Kaiser, Kuzel, Li and
Ryjáček [E. Flandrin, T. Kaiser, R. Kuzel, H. Li and Z. Ryjáček, Discrete Math. 308(2008),
2343–2350].
Does every connected K1,4-free graph G with σ4(G) ≥ |G| contain a spanning tree
with at most 3 leaves?
Here σ4(G) = min{∑4i=1 degG(vi) : {v1, v2, v3, v4} is an independent set of G} and K1,4-
free graph is a graph without an induced K1,4 subgraph.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
We represent a graph G by an ordered pair (V (G), E(G)), where V (G), its vertex set, is nonempty, and E(G), its edge set,
consists of unordered pairs of distinct vertices. For a set X , the cardinality of X is denoted by |X |. We write |G| for |V (G)|. To
show that H is a subgraph of G, we write H ⊂ G. For any v ∈ V (G), we denote by degG(v) the degree of v in G, and NG(v)
the neighborhood of v in G. A vertex of degree 1 is called an end vertex, and the end vertex of a tree is usually called a leaf.
For a nonempty subset X of V (G), we write
NG(X) =
⋃
x∈X
NG(x) and degG(X) =
∑
x∈X
degG(x).
In order to simplify the notation, we write N(·) for NG(·) and deg(·) for degG(·). The subgraph of G induced by X is denoted
by 〈X〉G. We write G − X = 〈V (G) − X〉G, and for a vertex v of G, we write G − v for G − {v}. For an integer i ≥ 1 and a
nonempty subset X of V (G), define
Ni(X) = {x ∈ V (G) : |N(x) ∩ X | = i}.
Let H be a subgraph of a graph G. If xy is an edge of G not contained in H , then H + xy denotes the subgraph of G obtained
from H by adding xy. For an edge uv of H , H − uv is defined analogously. A subset U ⊆ V (G) is called an independent set of
G if no two vertices of U are adjacent in G.
If T is a tree and u, v are vertices of T , then the path in T connecting u and v is unique and is denoted by PT [u, v]. We
assume PT [u, v] to be oriented from u towards v.
For an integer k ≥ 2, we define
σk(G) = min{deg(U) : U is an independent set of Gwith |U| = k}.
K1,4-free graph is a graph without an induced K1,4 subgraph. For further explanation of terminology and notation, we refer
to [1].
In [2], Flandrin, Kaiser, Kuzel, Li and Ryjáček posed the following problem for a K1,4-free graph to have a spanning tree
with at most 3 leaves.
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Fig. 1. Trees with 4 leaves.
Problem ([2]). Does every connected K1,4-free graph Gwith σ4(G) ≥ |G| contain a spanning tree with at most 3 leaves?
In this paper, we obtain the slightly stronger result in the following way.
Theorem A. Every connected K1,4-free graph G with σ4(G) ≥ |G| − 1 contains a spanning tree with at most 3 leaves.
2. Proof of Theorem A
To prove Theorem A, we need the following lemma.
Lemma 1. Suppose that G does not have a spanning tree with at most 3 leaves. Let T be a maximal tree of G with 4 leaves. Then,
there does not exist a tree T ′ in G such that it has at most 3 leaves and V (T ′) = V (T ).
Proof. Suppose G does not have a spanning tree with at most 3 leaves. Let T be a maximal tree of Gwith 4 leaves, T ′ a tree
of G such that it has at most 3 leaves and V (T ) = V (T ′). Since G does not have a spanning tree with at most 3 leaves, there
exists a vertex v ∈ V (T ′) such that N(v) ∩ (V (G) − V (T ′)) 6= ∅. Pick a vertex w of N(v) ∩ (V (G) − V (T ′)), then the tree
T ′ + vw contradicts the maximality of T . 
Proof of Theorem A. Weprove TheoremA by contradiction. Suppose G does not have a spanning treewith atmost 3 leaves.
Choose a maximal tree T of G with 4 leaves such that maximum degree of vertices of T is minimal. Let U = {u1, u2, u3, u4}
be the set of leaves of T . By the choice of T , N(U) ⊂ V (T ). Since T has exactly 4 leaves, all the vertices other than leaves in
T have degree 2 except only one vertex, say r , such that degT (r) = 4; otherwise, only two vertices, say s and t , such that
degT (s) = degT (t) = 3. (See Fig. 1.) But G is K1,4-free and T is chosen so that the maximum degree of T is minimal, so the
case of degT (r) = 4 cannot happen. Hence, we only need to consider the case that there are two vertices s and t such that
degT (s) = degT (t) = 3.
For this case, choose T such that distance between s and t is as small as possible.
We will use the following notation:
B1, B2, B3, B4 are vertex sets of components of T − {s, t} such that U ∩ Bi = {ui} for 1 ≤ i ≤ 4 and the only vertex of
NT {s, t} ∩ Bi is denoted by vi. For each x ∈ Bi, the vertex that precedes x on PT [s, x] or PT [t, x] is denoted by x−.
Claim 1. (i) For 1 ≤ i ≤ 4, 1 ≤ j ≤ 4, i 6= j, if x ∈ Bi ∩ N(uj), then x 6= ui, x 6= vi and x− 6∈ N(U − {uj}).
Proof. Let x be a vertex in Bi, and suppose xuj ∈ E(G) for some j 6= i. Without loss of generality, we may assume that
svi ∈ E(T ). If x = ui, then G has the tree T ′ = (T + uiuj) − svi such that T ′ has 3 leaves and V (T ′) = V (T ), a contradiction
by Lemma 1. If x = vi, then G has the tree T ′ = (T + viuj)− svi such that T ′ has 3 leaves and V (T ′) = V (T ), a contradiction
by Lemma 1, so x 6= vi. If x−uk ∈ E(G) for some k 6= j; then G has the tree T ′ = (T + xuj + x−uk) − x−x − svi such that T ′
has 3 leaves and V (T ′) = V (T ), a contradiction by Lemma 1. Hence Claim 1 holds. 
By Claim 1, U is independent. Hence, N4(U) = ∅ since G is K1,4-free.
Since T is chosen so that distance between s and t is as small as possible, N(U) ∩ (V (PT [s, t])− {s, t}) = ∅.
Claim 2. N3(U) = ∅.
Proof. Suppose x ∈ N3(U) ∩ Bi for 1 ≤ i ≤ 4. Then x 6= vi and x− 6∈ N(U) by Claim 1. There is an induced K1,4 subgraph in
G, a contradiction.
Suppose N3(U) ∩ {s, t} 6= ∅. Without loss of generality, we may assume that s ∈ N3(U). Then there is a vertex ui ∈ U
such that sui ∈ E(G) and t is on PT [s, ui]. If st ∈ E(T ) that means the distance between s and t in T is 1; then G has the tree
T ′ = (T + sui) − st such that T ′ has 3 leaves and V (T ′) = V (T ), a contradiction by Lemma 1. If st 6∈ E(T ) then there is a
vertex s+ is on PT [s, t] such that ss+ ∈ E(T ). Since T is chosen so that the distance between s and t is as small as possible,
s+ 6∈ N(U). There is an induced K1,4 subgraph in G, a contradiction. Hence Claim 2 holds. 
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Fig. 2. A K1,4-free graph Gwith σ4(G) = |G| − 2 and having no spanning tree with at most 3 leaves.
For 1 ≤ i ≤ 4, from Claim 1, {ui}, N(ui)∩ Bi, (N(U − {ui}))− ∩ Bi and (N2(U)− N(ui))∩ Bi are pair-wise disjoint subsets
of Bi, where (N(U − {ui}))− ∩ Bi = {x− : x ∈ N(U − {ui}) ∩ Bi}. So
Bi ≥ 1+ |N(ui) ∩ Bi| + |(N(U − {ui}))− ∩ Bi| + |(N2(U)− N(ui)) ∩ Bi|
= 1+ |N(ui) ∩ Bi| + |(N(U − {ui})) ∩ Bi| + |(N2(U)− N(ui)) ∩ Bi|
≥ 1+
4∑
j=1
|N(uj) ∩ Bi|
since N3(U) = N4(U) = ∅.
Hence,
4∑
i=1
|Bi| ≥ 4+
4∑
i=1
4∑
j=1
|N(uj) ∩ Bi|. (1)
Notice that N3(U) = N4(U) = ∅ implies
4∑
j=1
|N(uj) ∩ {s}| ≤ 2, and
4∑
j=1
|N(uj) ∩ {t}| ≤ 2. (2)
Since N(U) ⊂ V (T ) and N(U) ∩ (V (PT [s, t])− {s, t}) = ∅, by (1) and (2), one gets
|T | + 2 ≥
(
4∑
i=1
|Bi|
)
+ 4
≥ 4+
4∑
i=1
4∑
j=1
|N(uj) ∩ Bi| +
4∑
j=1
|N(uj) ∩ {s}| +
4∑
j=1
|N(uj) ∩ {t}|
≥ 4+
4∑
j=1
|N(uj)| = 4+ deg(U).
Therefore, |G| ≥ |T | ≥ 2+ deg(U). From this we get |G| − 1 ≤ σ4(G) ≤ deg(U) ≤ |G| − 2, thus obtaining a contradiction.
The proof of Theorem A is complete. 
For any integer n, the graph in Fig. 2 shows that the condition in Theorem A is sharp.
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